A method to determine the quantum state of a scalar field after O(Q)-symmetric bubble nucleation has been developed recently. The method has the advantage that it concisely gives us a clear picture of the resultant quantum state. In particular, one may interpret the excitations as a particle creation phenomenon just as in the case of particle creation in curved spacetime. As an application, we investigate in detail the spectrum of quantum excitations of the tunneling field when it undergoes false vacuum decay. We consider a tunneling potential which is piecewise quadratic and hence, is simple enough to allow us an analytical treatment. We find a strong dependence of the excitation spectrum upon the shape of the potential on the true vacuum side. We then discuss features of the excitation spectrum common to general tunneling potentials not restricted to our simple model. PACS number(s): 04.62.+v, 98.8O.Cq
I. INTRODUCTION
There is a growing interest in the quantum state of a scalar field inside a vacuum bubble that appears after false vacuum decay. This is because the spacetime region inside the bubble may be considered as a homogeneous and isotropic open universe and, when combined with a class of inflationary models, there is a possibility that our universe is entirely contained in a single bubble and the present large scale structure of the universe with a low density parameter 020 -0.1 may be explained [l-ti] . In the standard scenario, inflation solves both the horizon aid flatness problems simultaneously.
But' in the new one-bubble scenario, these problems are solved by two different inflationary stages of the universe. In the first inflationary stage, the universe is in a false MCuum. If this stage lasts long enough, the universe may be approximated by a de Sitter spacetime with high accuracy when the false vacuum decay occurs through quantum tunneling. This implies that the decay is mediated by the O(4)-symmetric Euclidean bounce, which consequently ensures that the spacetime after the decay has O(3,l) symmetry [7] . In other words, the region inside a nucleated bubble is a homogeneous and isotropic open universe. Then if the vacuum energy inside the bubble is nonvanishing, the second inflationary stage follows and a large amount of entropy will be produced at the end of the second inflation to solve the flatness problem. ' In order for this one-bubble inflation scenario to be successful, it is then a matter of great importance if the quantum fluctuations of a scalar field inside a nucleated bubble can account for the observed large scale structures of the universe as well as for the detected anisotropies 'Here by the flatness &the universe we mean no is not greatly different from unity. of the cosmic microwave background.
As has been calculated in Refs. [4, 5] , the information of the quantum state at the beginning of the second inflation inside a nucleated bubble remains until today and is reflected in the cosmic microwave background (CMB) anisotropies on large angular scales, particularly in those corresponding to supercurvature scales at matter-radiation decoupling. It is thus of particular interest to clarify properties of the quantum state inside a nucleated bubble and how they are brought forth through false vacuum decay.
In one of our previous papers [8] , we have investigated this problem by assuming that the quantum state is in the Euclidean vacuum (Bunch-Davies vacuum). This means that we have neglected the effect of quantum excitations through tunneling process but only taken into account the $ect of the background spacetime curvature. Although one can construct a model in which this is a good approximation, such as the one advocated recently by Linde [6] , it will not be so if there is only one scalar field and it is responsible both for the false vacuum decay and for the second inflation.
On the other hand, efforts to understand the quantum excitations during tunneling process were first made by Rubakov [9] and then by Vachaspati and Vilenkin [lo] . Subsequently, based on the multidimensional wave function approach [ll-131, we have investigated quantum excitations produced through false vacuum decay [14, 15] . In particular, in [15] , we have presented a systematic method to evaluate the degree of quantum excitations and calculated the excitation spectrum for simple models. However, there we have made several assumptions which may not be relevant for the one-bubble inflation scenario. One of them is the neglect of the background spacetime curvature. Another is that we did not consider the excitations of the tunneling scalar field itself but some other one that couples to the tunneling field through the mass term. Although these simplifications made it easy to understand gross features of the quantum state inside 0556-2821/96/53(4~/2045~17~/$06. 00 3 2045 0 1996 The American Physical Society the bubble, we have to admit that it is far from complete. For example, if one considers the excitations of the tunneling field, there exists inevitably a region of negative mass squared around the top of the potential barrier and that may affect the results seriously. In this paper, as a step toward full understanding of the matter, we extend our previous analysis [15] and investigate the quantum excitations of the tunneling field itself through false vacuum decay. However, for simplicity, we neglect the background curvature and assume the Minkowski background.
The paper is organized as follows. In Sec. II, to make the paper self-contained, we briefly review our formalism for determining the quantum state after false vacuum decay. Our formalism uses the fact that the excitations can be concisely described in the language of particle creation due to a varying mass, as that in curved spacetime. In Sec. III, we present a model of the tunneling potential which is piecewise quadratic, hence is simple enough to allow an analytical treatment but is expected to retain the essential feature specific to the excitations of a tunneling field. Then we express the resulting quantum state in the language of particle creation and give a complete (but complicated) formula of the particle spectrum 'for this model. In Sec. IV, based on the formulas derived in Sec. III, we evaluate the particle spectrum for various model parameters in detail. For limiting values of the parameters, we give analytical expressions for the particle spectrum.
For other values of the parameters we show the results obtained numerically. In Sec. V, we discuss the possible role of discrete modes which are associated with the vibration of the bubble wall.
Although these modes cannot be interpreted as particle modes, we argue that they will also contribute to the quantum state inside the bubble but those with spherical harmonic indices e = 0 and 1, which represent translational degrees of freedom of the bubble location and give rise to divergence in the two-point function, will be absorbed into the metric perturbation when gravitational degrees of &eedom are taken into account. Finally, Sec. VI is devoted to a summary and future issues. Throughout this paper, the metric signature for Lorentzian spacetime is (-+ ++) and the units R = 1 and c = 1 are used.
II. REVIEW OF FORMALISM
To begin with, we give a brief sketch of our method for solving the evolution of the quantum state through false vacuum decay. We use the multidimensional WKB wave function approach originally developed by Banks, Bender, and Wu [ll] and de Vega, Gervais, and S&ta [12] , and recently elaborated by us [13] . We consider a scalar field C#J in Minkowski spacetime whose action is given by
where V(4) is a tilted double-well-type potential as shown in Fig. 1 . We consider the situation in which the field is initially at the false vacuum (4 = $F) and decays In order to trace the evolution of the quantum state through false vacuum decay, we construct a quasiground-state wave functional which is an energy eigenstate of the time-independent Schrsdinger equation and is exponentially close to the would-be ground state wave functional if 4 = C$F were the absolute minimum of the potential.
That is, denoting by 1%~) the quasi ground state, we have gives ic sequence of field configurations which describes the tun- In the classically forbidden region, at T + -co, the field is at false vacuum. As 7 becomes larger, a bubble of true vacuum appears in the false MCuum background and grows until 7 = 0. At 7 = 0, which corresponds to the turning point in quantum mechanics, the field configuration is joined to those described by the analytic continuation of the bounce solution to the Lorentzian time: 7 --f it. Since we are interested in the state after false vacuum decay, the corresponding wave functional is given by taking t > 0. A schematic picture of the bounce solution is drawn in Fig. 2 . For convenience, we call 7 < 0 the Euclidean region and t > 0 the Lorentzian region, and denote them, respectively, by E and M.
In the next WKB order, quantum fluctuations around the bounce solution come into play. Setting # = 4~ + cp, the WKB wave functional to, this order is given by [12, In M, the state of 'p described by the second line of Eq.
(2.5) has a simple interpretation. In the second quantiaation picture (regarding t as real physical time), cp is represented as a field operator:
where bk and bl are the annihilation and creation operators, respectively, relative to a state 16) annihilated by bk, and an overbar denotes complex conjugation. The mode functions uk(x,t) satisfy the field equation and are normalized with respect to the Klein-Gordon inner product, but are not necessarily positive frequency functions. Hence the "vacuum" 10) annihilated by b(k) is not generally an eigenstate of the Hamiltonian unlike the Minkowski vacuum IO). The former is a squeezed state over the latter, given by a Bogoliubov transformation, and contains a nonvanishing spectrum of excited particles. It is known that the wave functional for the state 16) is given by In order to find the mode function uk(x, t), it is convenient to use the coordinates which respect the symmetry of the background &, i.e., O(4) in & and O (3,l) in M [15] . In the Euclidean region E, we use (&,xE,~,v) where (0, v) are the usual two-dimensional spherical coordinates, and (&,xE) are related to T = 1x1 and 7 as 
(2.23)
where we have associated the complex conjugate of uPi,,, with gk in accordance with the general discussion. We mention that p corresponds to a comoving wave number in the Milne universe and p = 1 to the spatial curvature scale on the [ =const hyperswface.
We then-consider the analytic continuation of "plm to the Euclidean region 
1 G&-E) = 0
(2.24)
It has been shown that the boundary condition (2.9) for gk(x,~) at 7 + -co means the regularity of gk on the 7 < 0 half of the complex 2' plane. Since f&ix~) is regular for 0 I XE I n/2, this condition is translated to the boundary condition for Gp(&) that [15] In M, Fp([) is given by solving Eq. (2.24) with FE replaced by -it and with the asymptotic boundary condition FP(<) = G&it) at < + 0. As 6 + co, the bounce solution C&X(<) undergoes dampted oscillations around the true vacuum 4 = 4~. Therefore, at t -i co, F&) will generally have the form
(2.27)
Note that &,(t) is the positive frequency function for the Minkowski vacuum [15] . That is, one can expand the field operator as and the Minkowski vacuum is annihilated by a,~,.
On the other hand, as mentioned previously, the quantum state after tunneling is a "vacuum" state IO) specified by regarding F*(c) as the (unnormalized) "positive frequeney" functions.
The orthonormalized positive frequency mode functions are then given by up?,,, with K replaced by
Thus the spectrum of created particles n, observed by the Minkowski vacuum observer in the asymptotically future region is given by
(qa;&ppvmp) = np6(P-P'), np = ,cdc2:,2 -1 (2.30)

III. SOLVABLE MODEL
In this section, applying the formalism reviewed in the previous section to an analytically solvable model, we determine the quantum state of the tunneling field inside a nucleated bubble. Specifically we consider a potential which is piecewise quadratic; we match a convex potential with V"(4) = -p2 for ~$2 < 4 < & to concave potentials with V"(4) = rn2 for 4 < 42 and V"(4) = MZ for 4 > C#Q. We require that the potential V(4) and its first derivative V'(4) be continuous everywhere. For convenience, we choose the true vacuum to be at the origin, 4~ = 0. Then the potential V(4) is given as where a=p=+M= ,
b=+?+M2) ) c=/?+M'-$(&+& , (rn2 + A") (3.2)
We note that the field value at false vacuum is 4~ = -c&/m' and that at the peak of the potential barrier is bp = a&/p'.
A sketch of the potential is drawn in Fig. 1 . The requirements that the potential energy at false vacuum V(qbp) be higher than that at true vacuum li(&) and that the peak of the potential barrier must exist between the two vacua lead to the constraints on the parameters, Here we need to comment on the scaling property of this system. Under the rescaling given by 4+s6, 4%-+9#%
4)
the action scales as 0 2 s-+ $ s.
Thus the system is transformed to the same system but with a different Planck constant. Since the decay rate of the false vacuum is determined by the value of the action of the bounce solution, the tunneling rate changes under this rescaling. However, as the field equation is invariant, the particle creation rate does not change. Thus every rescaled model is equivalent with each other as long as our interest is restricted to the particle creation. Therefore specifying the only three nondimensional parame- As the potential is constructed to be smooth to its first derivative, 4~~ d4~fd&3 and d24B/d<,$ must be continu- Of course, these equations are not independent of each other; the third lines of each set can be derived from the rest of equations. Hence there are six independent equations which are necessary and sufficient to determine A, BI, Bz, C, M&, and M&.
The analytic continuation of this bounce solution to M is given by the replacement of 5~ by -y as before:
As the oscillation around the true vacuum attenuates, 4~ does not reach the junction point 41 any more in M.
Hence 4~ is confined to the region V"(4) = MZ and there is no additional particle creation after tunneling in this case.
Here it is to be noted that the equation for the mode function Gp As in the EE case, we may choose the wall conliguration parameters, m/M, M&, and M& as independent model parameters.
As before, p/M is determined from the last two equations of (3.14) . Specifically the equation to be solved is In the next section, we will examine several extreme situations in which we can obtain approximate analytical
Since formulas which are more comprehensible. We will also evaluate Eq. 
Nip(-i& = -ie"P'21&~) -+K&E)
With the aid of these relations, we get and Yp is given in Eq. (3.21). Substituting G and czp given by Eq. (3.29) into Eq. (2.30), we obtain the expression for the spectrum of the created particles in the EL case.
IV. DETAILED ANALYSIS OF PARTICLE SPECTRUM
As shown in [15] ; the spectrum of created particles has the general feature that n, is nearly constant for 0 5 p 5 1 and decreases exponentially as eV2=p for p > 1. Hence the particle spectrum is basically obtained if no := T+O is known. Note that p = 1 corresponds to the curvature scale of the .$ =const hypersurface in the Milne universe. It should be also noted p = 0 does not correspond to the zero mode of the F =const hypersurface but to the mode with characteristic scale of the curvature as well. Furthermore, if one considers implications of the present analysis to the one-bubble intlation scenario, what one wants to know most is the curvature perturbation spectrum on large scales comparable to the spatial curvature scale, which is described by n, at p < 1. Thus we may focus on the plateau of n, at p 5 1. For definiteness, we take no as the representative value.
For limiting cases in which the argument of the (mod-ified) Bessel functions is very small or large compared to unity, we can derive a rather simple analytical expression for TQ by using the asymptotic behavior of the (modified) Bessel functions which may be found in Ref. 1161 . As discussed in the previous section, there are two ways of specifying parameters of the model.
The potential parameters are less directly related to n, than the wall configuration parameters. Therefore, in what follows, we first consider cases with extreme values of the wall configuration parameters.
After disclosing the relationship between the wall configuration parameters and the particle spectrum, we then interpret the results in terms of the original potential parameters by analyzing the relations between these two sets of parameters.
A. no as a function. of wall conilguration parameters
Thin wall EE ease
We With the aid of this relation, the particle spectrum at p = 0 given by (3.25) is evaluated as Equivalently, again using Eq. (4.1), no may be expressed as where arctan takes the value between 0 and r. One sees that no is exponentially suppressed as e--4Mt1, the feature that has been found in the previous analysis of the thin wall limit [15] . However, one also finds a large factor (p[# in front, which was absent in the simple model discussed in [15] .
Boundary between the EE and EL case8
The boundary between the EE and EL cases is given by the limit MC1 + 0 and ~51 + 0. In tbis case the limit of either rn& + 0 or rn& --t ca can be treated analytically.
As mentioned below Eq. (3.17), for rn.& + 0, p is fixed as
/& = j,,, -3.8132.
Then we obtain where kl is a numerical factor given by and y N 0.5772 is the Euler constant.
For rn& -$ ca, p is fixed as /g-z = j,,, -5.1356.
Then we obtain
(4.8)
where kZ is given by kz = W~Z,l) ~ -2.4602. ( Thus in both limits of rn&, the particle spectrum has the exponential factor e*"e1. This suggests that it is a common factor for the EL case irrespective of the parameters.
Jo(h)
Summarizing the above results of analytical tractable cases, we expect that the gross dependence of na on the wall configuration parameters is no -w-4ME1) > (4.13)
for the EE case, and m -exP(w&) , for the EL case. In order to test our expectation mentioned above, we have numerically evaluated no for various values of the wall configuration parameters.
Figures 3 and 4 show no/exp(-4M&)
for the EE case and no/exp(2&) for the EL case, respectively, as functions of the parameters M& and M&, for typical ratios of m/M; m/M = 0.1, 1, and 10.
We see that the approximations such as Eqs. (4.13) and (4.14) are better than one might have anticipated except for wme special cases.
As for the EE case, we see a ditch in the figure, but it is in some sense superficial. As is also observed in Fig. 5 , there are spikes in the spectrum where the particle creation is completely suppressed due to accidental phase coherence. The locations of the spikes move as the model parameters vary. The ditch appears simply because one of the spikes passes by p = 0. Thus. the particle creation is not really suppressed if the global shape of the spectrum is considered. When M& N M& > 1, the particle creation seems to be enhanced compared with that given by Eq. (4.13), but this is just what is obtained in Sec. IV A 1 discussed above.
As for the EL case, a small deviation from Eq. (4.14)
is observed when M& is small. This may be explained as follows. Since j& -1 in all the EL cases, h/M must become large as M& gets small. Therefore, from the results presented in Sec. IVA3 the enhancement can be understood as a result of the factor ($ + M')/(pM).
If we analyze no more carefully, we find a slight enhancement of particle creation when M& < 1 and M& > 1. This is the case which is considered in Sec. IV A 2. Thus this moderate enhancement can be understood as a result of the contribution of the factor In (M/p). Thus which dominantly determine the particle spectrum n, in almost all the cases.
B. Dependence on potential parameters
As we have found how the particle spectrum is determined by the wall configuration parameters, we now consider the relation between the shape of the potential and the wall configuration param&rs.
From the previous discussion, we know that '20 is mainly determined by M.$ in the EE case and fit1 in the EL case. Thus what is necessary is to relate M& or ~(1 with the potential parameters of our model; m/M, p/M, and &f&.
In order to do so, we will show that & becomes larger (smaller) in the EE (EL) case as r&/& increases for fixed mass ratios of m/M and p/M.
Keeping this result in mind, we will then discuss the dependence of the particle creation on the shape of the potential in detail. Since the EL case turns out to be much easier to analyze than the EE case, we discuss the EL case first.
I. EL case
Let us consider a modified potential F which has a smaller value of &/$11 with fixed mass ratios m/M and p/M. We associate the tilde with quantities of the mod- at the center of the bubble, which is the initial value for the subsequent motion of 4 inside the bubble, is unchanged.
Then it is easily understood that .&, which is the value of .$ when the field pass_es the junction point 4 = 41, will become larger for V. Thus we have p.& > p& for b& < &J& with fixed mass ratios   FIG. 6. The potential V(4) in the EL case. Now let us analyze the relation between the shape of the potential and the particle creation more quantitatively.
It turns out that there exists a more relevant potential parameter than &/& which is more directly related to the amplitude of particle creation.
It is defined by (4.15) where $p is the value of 4 at the top of the potential barrier.
Note that y+ > 3+ for ~$74~ < &/&. Also it may be worthwhile to mention that the ratio of the potential differences V(4p) -V(bl) and V(g5p) -V($F) is expressed in terms of 34 as As noted at the end of Sec. IIIA, y varies from j,,, -3.8132 to j,, N 5.1356 as I varies from zero to infinity.
Hence we find that f (2) is always of order unity with its limiting behaviors given by
The function f(z) is plotted in Fig. 7 .
Now from the analysis given in the previous subsection, we know no is of order unity for pt1 + 0 and enhanced exponentially as e2p~1 for pt1 >> 1. We see that tbis is exactly the behavior of 34 seen as a function of KG,
Pfl -+ 0,
--t (4.21)
Pc-1 + m.
Thus in the zeroth order approximation we conclude ml -3+> 
EE case
As in the EL case, we first consider the reaction of the parameter MC1 by the variation of &/bl. The problem to find the bounce solution is to find a solution of particle motion with &-dependent friction force on the inverted potential -V(d) with the release point at & = 0 somewhere near the true vacuum, as given by the solid line in Fig. 8 . If we choose the release point appropriately, the particle reaches 4~ at fF + co. We denote this appropriately chosen release point as ~$1. Now consider the system with a modified potential which has the same mass ratios but a larger value of &/&. As before, we associate the tilde to denote quantities of the modified potential.
Again, using the scaling freedom, we may make & coincide with the original $1 without changing M, rn, and p. Then the modified potential v coincides with the original V for 4 > $2 as given by the dotted line in Fig. 8 . If we release a particle from the same point ~$1 as in the original potential for the case_ of the potential c, it cannot reach the false vacuum 4~. In order to make it reach $F, the particle must be released fmm a point 4 = $1 closer to the true vacuum, i.e., & > ~$1. Then &, which is the value of & at $1, must become larger. Namely, if In contrast to the EL case, we were unable to find a simple function of the potential parameters which is directly related to the amplitude of particle creation. This is because the bounce solution in the EE case depends on the mass at the true vacuum M as well as rn and p. Therefore Mfl is generally fully dependent on all the three potential parameters. However, it is still possible to relate the shape of the potential to the particle creation in a couple of limiting cases, which we will discuss below.
y/M(f)
c M(f) > (4.28) the mode function evolves adiabatically and there will be no additional particle creation on the true vacuum side. Now, in a simple version of the one-bubble inflation scenario, the tunneling field also plays the role of the inflaton field inside the bubble, and the mass of the in&ton field changes very slowly in the slow rolling phase. Thus our results are expected to give nontrivial implications to the one-bubble inflation scenario, at least so far as the effect of tunneling to the spectrum of the inflaton field fluctuations is concerned.
We plan to make a detailed investigation of this issue in a future publication.
As noted in the beginning of Sec. III, 42/& is bounded from above by the condition that V($F) > V(4,). For 4~14~ close to the maximum value, we have Mfl B 1, which is just the thin wall limit. In this limit, the particle creation is exponentially suppressed as e-4Mc1. In other words, as the wall radius becomes larger, the quaturn state inside a nucleated bubble becomes closer to the Minkowski vacuum state. In this case, the wall radius is known to be given by [7] V. DISCRETE MODES f1 N 52 -3&/AV,
AV := v(b) -~(4~).
So far, we have not carefully investigated the completeness and normalization of the mode functions for the de-
scription of a quantum state of the field 'p. In order to specify a quantum state completely, we need a set of all possible mode functions which have properly normalized Klein-Gordon inner products on a Cauchy surface. However, the spacetime inside the forward light cone of the center of a bubble, which is described by the Milne universe, does not contain any Cauchy surface of the whole Minkowski space.
(4.25)
Thus we first need to introduce new coordinates which cover the spacelike region outside the forward light cone and which respect the symmetry of the bounce solution. Such coordinates are known as the (spherical) Rindler coordinates and the spacetime covered by them is called the Rindler space.
The metric of the Rindler space is given by Thus the amplitude of particle creation m, is approximately given by On the other hand, &/& is bounded also from below in order for the potential barrier to exist. Now, as 42/41 decreases, (1 decreases and before the potential barrier vanishes & becomes zero, which is just the boundary of the EE case and the EL case. Thus, in this limit, the analysis of the (1 + 0 limit of the EL case is also appropriate. ds2 = df; + f; (-dx; + cash' XRdQ&) , (5.1) where the XR =const hypersurface of the Rindler space is a Cauchy surface of the whole Minkowski space. These Summarizing the above analyses for the EL and EE coordinates are related to the Milne coordinates as cases, we conclude that no is approximately determined in terms of the potential parameters as fR=e-ni12f=fE, ,=,+;.
34, 3+I21,
Now we have to evaluate the Klein-Gordon norms of noexp(-12iW&/AV), 3+ < 1. (4.27) the mode functions uplm (f, 2, a) in the Rindler space. In order to do so, we need the analytic continuation of 21pem to the Rindler space: Before closing this section, one comment is in order. In this paper, we have considered a potential model with a constant mass around the true vacuum. However, in order for our results to be valid, the mass M(f) on We note that ?+((xR) now plays the role of a positive frequency function for the state 15). In the same way as presented in Appendix A of Ref. [8] , the Klein-Gordon inner product oft+, on the XR =const hypersurface can be evaluated In the above, we have put p' = p when evaluating NJ;), anticipating that the factor N? should be zero if p # p', which we will show below. T gP e evaluation of the factor N,$) is straightforward and we obtain NJ:) = 2 sinh?rp. and using the fact that i(cl, -cosh?rpczp) and czP are real, we obtain N@) = ","i;$ (/clpI -Ic&) PP' (5.9) Thus we have This agrees with the norm calculated on the f =const hypersurface in the Milne'universe, Eq. (2.29). We can show that the same result holds also in the EL case. The reason why the Klein-Gordon inner product can be evaluated in the Milne universe, despite the fact that it does not contain any Cauchy surface, is due to the fast falloff of the function u&xn) with positive p2 at XR + 03. That is, the mode function uptm vanishes fast enough at future null infinity of the Minkowski space.
In contrast, any mode function with negative p2 has a divergent Klein-Gordon norm in the Milne universe. When the Klein-Gordon norm of a mode diverges, the normalized mode function vanishes. Hence it would not contribute to the quantum fluctuations of the field if it also vanishes fast enough at future null infinity. However, for p2 < 0, the falloff of a mode function at future null infinity is not fast enough. Thus, we cannot claim that the Klein-Gordon norm evaluated in the Milne universe is equivalent to that evaluated on a Cauchy surface. Therefore it sometimes occurs that some of the modes with negative p2 do contribute to the quantum fluctuations of the field.
Specifically, as seen from Eq. However, for certain discrete sets of p, 0, may happen to become zero. Then those modes become normalizable.
Apparently, they are bound state modes and cannot be described in the particle picture.
Nevertheless, we can evaluate the contribution of these modes to the two-point function (Wightman function) which characterizes the quantum fluctuations of the field. Let us denote these discrete values of imaginary p by p,. Since the Wightman function is given by the summation of products of the mode functions, it can be divided into two parts as In the Milne universe, one can interpret the fluctuation of the scalar field 'p as the perturbation of the intrinsic curvature of the C$ =const hyperswface.
The scalar-type curvature perturbation is described by a single potential function 72 as [18] However, the divergence comes from the monopole (e = 0) and dipole (1~ 1) parts of these modes, which just represent translations of the origin of the coordinates (so-called zero modes).
In fact it is easy to check that these modes are represented by linear combi: The last term in the square brackets is not Lorentz invariant. However, since the removed monopole and dipole modes simply represent the global translation of the bub-as the curvature perturbation of the 4 =const hypersurface. Now for p2 = -4, one finds that the trace of the curvature perturbation vanishes. Furthermore, from the first equation of (5.22), we see that Yj' becomes transverse.
Thus the p2 = -4 scalar-type curvature perturbation happens to become transverse traceless.
This suggests that e = 0 and 1 modes do not contribute to the curvature perturbation and. the term violating the Lorentz invariance in Eq. (5.18) will disappear when the two-point function of the curvature perturbation is considered. In fact, this can be explicitly demonstrated by operating with Dij on it. Consequently, we obtain which is manifestly Lorentz covariant. From the above discussion, it is anticipated that the quantum fluctuations of the scalar field inside the bubble will be better understood when we include degrees of freedom of the metric perturbation. This point will be disclosed in the future work. Now let us examine if there exist discrete modes other than p = 2i. Since the mode (5.16) has no node, it is the eigenfunction for Eq. (2.24) with the lowest eigenvalue, i.e., the smallest p'. Hence other possible discrete modes must have the eigenvalues in the range -4 < pz < 0 and have at least one or more nodes. Now, in the thin wall limit, it can be explicitly shown that such modes do not exist. Also, in this limit, one finds that the mode function Gp with p = 0 has one node and diverges to minus infinity as & + 0. Then, as we vary the model parameters continuously, the value of the mode function Gp=o at 5~ = 0 should cross zero if there should appear a bound state mode with one node.
This implies the divergence of no for a certain set of the model parameters. However, as seen from Figs. 3 and 4, we have found no divergence of no. Hence, in our model, we conclude that there exist no additional discrete modes other than those related to the wall fluctuations.
We will present a detailed analysis of these discrete modes in a future publication.
VI. CONCLUSION
In this paper, we have investigated the self-excitation of a scalar field in the process of its decay from a false vacuum.
For this purpose we have considered a model potential which is piecewise quadratic and hence allows analytical treatments. We have interpreted the resulting quantum state inside a nucleated bubble in the particle &&ion picture. Then we have found the following features of particle creation.
When the spacetime region of the bubble wall, which is defined as the region in which the mass squared of the scalar field is negative, is confined to the Euclidean region E, the number of created particles per each mode is exponentially suppressed in the thin wall limit and at most of order unity~ unless the mass scale at the true vacuum is exponentially small compared with that at the top of the potential barrier. On the other hand when the wall region extends to the Lorentzian region M-i+ the mass squared at the center of the bubble is still negative-the particle creation can be significantly enhanced.
In this case, we have derived an approximate formula (4.22) for the particle spectrum as a function of the model parameters which determine the shape of the potential, where F+ is defined by Eq. (4.15).
In addition, we have also considered the effect of a set of discrete modes which describe the oscillation of the bubble wall. From a careful analysis of the Klein-Gordon norms, we have argued that these discrete modes do contribute to the quantum state inside the bubble, though they cannot be interpreted as usual particle modes. However, since the monopole and dipole components of these modes correspond to the spacetime translation of the bubble center, we have argued that a consistent treatment of these modes requires the inclusion of gravitational degrees of freedom into the analysis simultaneously.
In view of the above considerations, the next step to be taken is to take gravity into account in the background bounce solution.
A framework in this direction has been already done in Ref. [19] . Hence it should be fairly straightforward to extend the present analysis to the one on the curved spacetime background. Then the second step is to study the effect of gravitational degrees of freedom on the excitation of a tunneling scalar field. In this respect, we expect that a formalism developed in Ref. [20] for dealing with the fluctuations around the bounce solution with gravity should be useful. After this second step, the role of the discrete modes will be clearly and unambiguously understood. Once these issues are settled, we will be able to talk about the quantum state of the scalar field inside the bubble with confidence.
In connection with the onebubble open inflation scenario, we will be able to discuss quantitatively the influence of the quantum fluctuations induced by tunneling on the primordial density perturbations and on the CMB anisotropies on large angular SC&S.
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